We study positive solutions of the Dirichlet problem for -Ají = up -A, p > 1, A > 0, on the unit ball 0. We show that there exists a positive solution (uo, Ao) of this problem which satisfies in addition duo/dn = 0 on âfî. We prove also that at (uo,Ao), the symmetry breaks, i.e. asymmetric solutions bifurcate from the positive radial solutions.
Introduction.
We consider here the symmetry breaking for semilinear elliptic problems of the type -A« = f(u,X) in Bu u = 0 on dBi,
where Bi is the unit ball on R", n > 2, and /:RxR-»RisaC2 function. We say that the symmetry breaks at A if the radial solution (un,Ao) is a nonradial bifurcation point, i.e. if every neighborhood of (u0,X0) contains solutions of (1.1), (u, A) with u nonradial.
Symmetry breaking problems for positive solutions of semilinear elliptic equations have been studied by Smoller and Wasserman [4, 5] . In fact they prove that for the function / G C2 satisfying (1.2) '<°»<°' {f)'<°f"(t) < 0 Vi > 0 and f(t) > 0 for some t > 0, there is an interval (Ri,R2] such that for all R E (Ri,R2] there exists a unique positive radial solution of -Au = f(u) in BR c Rn, u -0 on 3Br and only when R = R2, the necessary condition for symmetry breaking, namely du/dn = 0 on dB a, is satisfied. They conjecture that the symmetry breaks at R2. In both [5] and [1] , it is shown that there exists a nonempty subclass of functions satisfying (1.2), for which this conjecture is true. However only for a "generic" subclass, the result is true, mainly due to the difficulty involved in verifying a certain nondegeneracy.
Here we give an explicit class of functions depending on a parameter A, namely f(u, X) = up -A, p>l, for which the symmetry breaks when we consider the problem in the unit ball. However this function does not satisfy (1.2). The one dimensional problem for the odd function f(u,X) = w|u|p_1 -A was studied in [3] . The behavior of the solution branches described there leads to the conjecture that for the higher dimensional analogue of the problem, when a positive solution satisfies du/dn -0 on dYl, symmetry breaks at that point. We prove here that it does happen indeed. -Aw = iip-A inn = ß1cR", (2.1) u = 0 on dYl.
Here p < (n + 2)/(n -2) in view of Pohazaev's nonexistence result. From [2] , we know that the positive solutions of (2.1) are radial. At A = 0, the unique positive solution un of (2.1) is in fact nondegenerate. Since a proof of this nondegeneracy could not be located in the literature, we indicate the proof here for the sake of completeness. Now onwards, we let f(u)=up, Kp<(n + 2)/(n-2).
Lemma 1 will show that (t¿o,0) is radially nondegenerate. We just remark here that nonradial degeneracy can also be ruled out at (uq,0) and in fact all along the positive solution branch with du/dn < 0 on dYl. 
We multiply (2.2) by (ru' + 2u/(p -1)) and (2.4) by v, subtract one from the other and integrate over Yl. then (2.3) follows. D At (t¿o,0), if there were any radial degeneracy, then Lemma 1 yields an absurd equation u'(l)v'(l) = 0. Thus (uq,0) has to be nondegenerate. Now the implicit function theorem gives the branch of positive solutions of (2.1) for A close to 0.
We study the behavior of this branch for large positive A. The following theorem is an extension of the nonexistence result in one dimension. (Cf. [3] .) THEOREM 1. There exists no positive solution to equation (2.1) for large positive X.
PROOF. The proof follows by contradiction.
Let if possible (uj,Xj) be a sequence of positive solutions, with Xj -> oo. Since Uj is radial, it satisfies We first prove that 6-» 1 and hence a also, for A., -► oo. We have in [b, 1],
Integration of this from b to 1 leads to
Multiplying (2.5) by u^r2'"-1) and integrating between b and 1,
< (Ui(6^(a(»-1) + 2-^r))-Here F(u) stands for the primitive of /, namely (up+1)/(p + 1). Further we have
This along with (2.7) results in (l-ôn)<c1|7J:7-(6)|»p+1»/2'-p.
As p > 1, this goes to 0 when X3 -» 00, in view of (2.6). Thus 6-»l. The functions / and u3 being convex and / being monotone, the composition / o Uj is convex in [a, 1]. Thus This leads to a contradiction as u'(l) < 0. Thus the positive solution branch for (2.1) is radially nondegenerate. □ From the above two theorems, we conclude that there exists a positive solution (tío, An) for (2.1) satisfying du0/dn = 0 on dYl. This is indeed a singular point since the linearized problem has at least n nonradial solutions {du/dxi}i<i<n. Lemma 2.2 of [1] (also cf. Theorem 20 of [4] ) shows that there can be n nonradial solutions or (n + 1) solutions including one radial solution. Theorem 2 rules out the second possibility. Now to show the symmetry breaking at (un,An), we need the following definitions and Theorem 3. PROOF. We use standard arguments to derive the bifurcation equation. This extends the proof for one dimension as in Proposition (5.1) in [3] . Assuming that the branch is given by (u(s), A(s)), we have We have at (un, Ao):
(i) G2 is singular and dimension(kerG^) = 1; codimension(ÄaG°) = 1.
(ii) G° 6 Ra(G°u).
(iii) The nondegeneracy condition b ^ 0 holds. Now using standard arguments (cf., for example, [1] ) it is easy to show that indeed (itn,An) is a bifurcation point. The two distinct curves cutting at (un,A0) have the tangent directions°' d~t he first being the radial solution branch and the latter being the branch of nonradial solutions.
Concluding remarks.
After analyzing the proofs more carefully, the following remarks seem in order.
REMARK 1. In one dimension, for the odd nonlinearity f(u) -u|u|p_1, a global picture was obtained in [2] by a scaling argument. When n > 1, this scaling argument works only for 52(a) where z(X) is the first zero of u(r). It fails outside because of the presence of the term (n -l)u'/r.
But we observe that the proof of Theorem 1 will go through for the nonlinearity f(u) + A, in the annulus Ú = Bi\Ba(\), provided a(A), the last zero of u(r) before 1, tends to 0 as A tends to oo. Thus we can conclude that each S^,k > 1, can exist only in [-Afc,Afc], where S± = {(u, A): a solution of (2.1), u has (k -1) nodes in (0,1), w(0) > 0 (or < 0)}.
As in one dimension, we expect the positive solution branch S* to continue as S3", etc., by developing more and more nodes. Each time a new node is developed, we get a solution (u,X) E S^ with du/dn = 0 on dYl. These are potential symmetry breaking points. We conjecture that the radial solution branch has purely radial degeneracy (turning points) and purely nonradial degeneracy (symmetry breaking points) alternatingly. REMARK 2. Even though this paper discusses a special class of functions, what seems to be interesting is the way we prove the nondegeneracy. Perhaps it is possible to prove the nondegeneracy (or uniqueness) using similar test functions, wherever the time map is used to prove such results. Hopefully this approach may lead to the settling of the conjecture of Smoller and Wasserman [5] . REMARK 3. Recall that in view of Theorem 1, we concluded that the positive solution branch has to encounter a singular point. This is a consequence of Theorem 1 and also the existence of a priori bounds for positive solutions. 
